We compute the two-point correlation functions for the spin-3 theory in three dimensional (Anti-) de Sitter spacetimes by using holographic renormalisation. For the AdS case, we find results consistent with the general requirements of twodimensional conformal invariance. In the de Sitter case, we find similar results. We discuss consistency requirements on the three point functions T W W for our results to be compatible with the asymptotic symmetry algebra for AdS case and with the de-Sitter central charge found in hep-th/0106113 by analyzing the stresstensor. We also discuss why it is very likely that our results are not compatible with the imaginary central charge previously found for higher-spin theories in dS(3).
Introduction
Since its proposal, the AdS/CFT duality [1] has provided a very powerful paradigm for exploring quantum gravity in anti-de Sitter spacetimes. Recently, a particularly novel class of these dualities were found, which are the so-called higher-spin (HS)/CFT dualities. These are interesting for a variety of reasons, which we shall simply enumerate and refer the reader to the existing literature for details. Firstly, they provide non-supersymmetric examples of AdS/CFT with a very concrete proposal for a dual CFT [2, 4] without -in many cases -an explicitly known string embedding.
1 Secondly, even for the more 'stringy' dualities like [1] , they have a particular relevance to the tensionless string (or equivalently, the free CFT) window of the dualitity. In particular, the twist-two sector of the free CFT is expected to be described by a higher-spin theory in AdS, and more generally, higher-spin symmetry may be expected to be present in the full tensionless string theory. See [5] for details.
In the light of the first motivation, higher-spin theories in AdS 3 have been particularly interesting. Importantly, in three dimensions, higher-spin theories admit consistent truncations to theories containing a finite number of 'higher' spins, an important simplification vis-a-vis the usual situation in higher-dimensions. See [6] for a review of Vasiliev theories in general dimensions. A study of the asymptotic symmetry algebra [7] for these theories was carried out in [8, 9] and this algebra was shown to be a W algebra. This was further tested at the quantum level in [10] using lation functions (in particular, two-point functions) in the dual CFT by computing AdS quantities. We are motivated by two reasons. Firstly, we shall explicitly show that the correlation functions in the dual CFT factorise holomorphically for both the stress energy tensor and the W current. Secondly, we shall compute two point correlation functions in the dS/CFT case by analytic continuation of the AdS/CFT results. We find that the correlation functions thus arrived at are more likely to be compatible with the real central charge associated with dS 3 [26] found by analyzing the stress tensor onÎ − , which is the past infinity of the region accessible by a timelike observer, as opposed to the imaginary central charge found in [39] . We can say anything concrete only after the computation of the three point functions T W W , which we leave to address in the future. We mention here that there are a number of important conceptual and technical subtleties pertaining to dS/CFT, see for example
[38] which we shall not address here. We refer the reader to the references in [34] for an account of progress in these questions.
A specific subtlety that is important for us pertains to the overall program of defining dS/CFT correlators by analytic continuation from AdS/CFT ones. When computing dS/CFT correlators in spacetimes that are only asymptotically de Sitter (or for operators other than the CFT stress tensor), a direct analytic continuation in the cosmological constant and Wick-rotating the AdS radial coordinate typically leads to inconsistent results. A more sophisticated continuation proposed in [44, 45] leads to consistent results 6 . A question that would be relevant to our analysis is if the direct analytic continuation that we carry out would lead to consistent correlation functions, even within the conformal vacuum. That we find this to be true, even at the preliminary level of a two-point function of a spin-3 theory is encouraging, but a stronger statement must surely await a fuller exploration of this question.
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Finally, the methods we employ here may reasonably be expected to extended to the topologically massive case in AdS 3 mentioned above. We expect to be able to compute two point functions in those theories to find concrete evidence of logarithmic behaviour as for topologically massive gravity in [43] . This is work in progress and we defer further discussions for the moment.
A brief overview of this paper is as follows. In Section 2 we will begin with a 6 We thank Marika Taylor for a very stimulating correspondence in this regard and also for bringing this work to our attention. 7 In general, as we have indicated previously, imaginary quantities do appear in dS/CFT, notably as conformal weights [40] or temperatures [46] in the Kerr-de Sitter black hole. Our discussion is of course limited to correlators in the conformal vacuum. We thank Mu-In Park for discussions and correspondence regarding these points.
brief review of the construction of the boundary action from [48] . We will make the section self contained as far as the notations of [48] are concerned. We would like to stress that the most crucial aspects of our computation would be the anomaly equations ((2.21) for AdS and (4.10) for dS), since pure higher spin theory in 2+1 dimensions has no propagating degrees of freedom, and hence would be pure gauge.
Hence the computation of on-shell action is a simple computation of the anomaly.
In Section 3 we will fix the counter term action by holographic renormalization technique and compute the two point correlators. Two point functions are very much normalization dependent. We can absorb any overall factors and that can change the overall coefficient. However, once we fix our choice of normalization, we should get three point functions which are consistent with the asymptotic symmetry algebra [9] .
We will discuss this consistency requirement on the three point correlators T W W at the end of the section which we leave for a future work. In Section 4 we will analytically continue our results for Euclidean AdS 3 from the previous sections to compute the W W and T T correlators for a spin-3 theory coupled to de-Sitter gravity on the past infinityÎ − of a region O − which comprises the causal past of a timelike observer. We find that our results are more likely to be compatible with the real central charge associated with dS 3 [26] found by analyzing the stress tensor onÎ − as opposed to the imaginary central charge found in [39] . There is however a consistency requirement, like the AdS case, on the three point functions, which we hope to address in the future. We conclude in the next section.
Boundary Action for the Spin-3 Theory in AdS 3
In this section, we will review the boundary action of free AdS higher spin fields derived in [48] . We restrict ourselves to spin-2 and spin-3 fields 8 and 2+1 dimensional Euclidean AdS 3 space. For generic spins and dimensions, we refer the reader to [48] .
This section is also a self-contained review of the notations of [48] , though we have reinserted the AdS radius ℓ and the Newton's constant at appropriate places.
The Euclidean AdS 3 metric in the Poincaré patch is given by
where δ = diag(1, 1). We can also write this metric in terms of holomorphic coordinates (z,z) as
where z = x 1 + ix 2 . We define our integration measure and delta function (to be used later), as below
To avoid proliferation of indices the higher spin fields are contracted with auxiliary variables U A ∈ R 3 and vielbeinsē
Note that since dimension of Φ M N P is ℓ 3 and Φ M N is ℓ 2 , Φ (3) and Φ (2) becomes dimensionless. We also define the covariant derivative and Fronsdal operator in terms of the auxiliary variables U as
we will only be interested in s = 2 and 3. The spin connection ω AB M is defined as
where Γ P M N is the Christoffel connection defined as
One can easily check from the various definitions above that
The action for the spin-3 field coupled to background AdS gravity is given by
The action for the spin-2 field is
These differ from [48] by a sign and upto a choice of normalization
The Fronsdal equations F Φ = 0, have the gauge invariance
where the gauge parameter ε (3) (x, σ, U) is subject to the traceless constraint
The action is also invariant under the above gauge transformation upto terms which do not vanish at the boundary. The boundary action was derived [48] , by demanding the restoration of the invariance under gauge transformations which do not vanish at the boundary. It was found that not all gauge invariance could be restored and that a subset of the gauge transformation still remains anomalous. We will later see that this anomaly will be crucial in giving a non zero on-shell action and hence finite non-zero correlation functions.
In what follows, it is convenient to decompose the spin-3 and spin-2 field Φ and gauge parameter ε, in terms of their boundary spins. Let us write U σ = v and
The subscripts on the R.H.S keep track of which field decomposition they refer to and the superscripts are the boundary spin. In the above sum, tracelessness of ε (3) relates ǫ
3 . In terms of the above decomposition the gauge transformation of spin-3 field (2.12), becomes
3 .
(2.14)
The corresponding gauge transformations for spin-2 read
The construction of the boundary action in terms of the boundary decomposition proceeds as follows. First, the requirement of a well defined variational principle
under Dirichlet boundary conditions gives terms depending on radial derivatives of the field at the boundary. Then several terms not depending on the radial derivative are added to the action demanding that the gauge invariance with non-vanishing gauge parameters at the boundary is restored. It was found that gauge invariance under non vanishing ǫ
2 and ∂ σ ǫ
2 could be restored, but a non-vanishing ǫ 2 remains anomalous. The boundary action obtained in [48] , by following these steps is
where we have used
One can add another term to the boundary action of the spin-3 field which is invariant under ǫ
3 and ∂ σ ǫ
3 but anomalous under ǫ
3 , which is
where
where c is an arbitrary coefficient and F 2 is the 2-d flat-Fronsdal operator
One can also add a similar term to the boundary action of the spin-2 field but it turns out that this term is anomaly free for d = 2 (see equation (2.42) and (2.43) of [48] ) and hence will vanish on-shell, since our solutions will be pure gauge. As mentioned before, this action S + S bdy + S (CT ) bdy is anomalous under a non-vanishing ǫ
3 and ǫ
2 at the boundary, and the anomaly is given by [48] δ ǫ (1) 3
where we have defined
In the next section, we will use holographic renormalization to fix the arbitrary coefficient c and then compute the two point correlators from the finite part of the on-shell action via AdS/CFT correspondence.
Holographic Renormalization in AdS 3 and Two-point Correlators
In the semi-classical (planar) limit of the AdS/CFT correspondence, e
−S (tot)
on−shell is the generating functional for correlators of boundary currents which couple to the leading behavior of the bulk fields [52, 53] , where
bdy . Typically the on-shell action is divergent. To regulate the divergence, the boundary is kept at a non-zero cut-off σ B and the terms which are divergent as σ B → 0 are cancelled by appropriately chosing the arbitrary constant c in the counter-term action. Finally, the cut-off σ B is sent to zero. This is the principle of holographic renormalization [42] .
The first step in this procedure is to obtain the solution to the equations of motion
where q = √ −∂ 2 and h (s) (T T ) (x) is subject to the transverse, traceless constraint
and U n (z) is related to the modified Bessel function K n (z) as
The transverse traceless projection is given as 
where 6) and finally,
The full solution is a gauge transformation on the above truncated solution with gauge transformation parameter 
Since our solution is a pure gauge, all that we need to know for the on-shell action is ǫ
2 and A
3 , which are (from 2.22, 2.19, 3.8, 3.9) 3 does not go to zero. This fixes c to be 1 4 , and the on-shell action becomes
where,
12 This can be easily seen by counting the number of components of h (s) and the number of components the transverse traceless projection projects out. They turn out to be equal for d = 2 and hence h 
In the second line of the above two equations, we have used the asymptotic expansion of U n (z), which is
In the last lines of the above two equations ∂ ≡ 
The AdS-CFT conjecture implies that [52, 53] ,
Where, Φ 1 is the bulk field dual to operator O 1 at the boundary. The normalization (8πi) n , is a choice of normalization and is chosen such that T zz (z)T zz (w) = c BH 2(z−w) 2 (as we will verify below), where c BH = 3ℓ 2G N is the Brown-Hennaux central charge [7] 14 . Hence
The above results are consistent with the Euclidean CFT expectations, but the normalization is different from the W-algebra in [47] , which gives . However, as we have argued in the introduction, two point functions are very much normalization dependent. Any overall factors can be absorbed by redefining the sources which is equivalent to redefining the currents in the boundary. Therefore, two point functions are not sufficient to show consistency with the asymoptotic symmetry algebra. We also need information from the three point functions. We fix the normalization such that the two point functions has positive real coefficient as in (3.17) , and below we discuss the consistency requirement on the three point functions and associated central charge.
The overall sign in the three point functions are not relevant since they can be removed by redefining (T, W ) → −(T, W ), without affecting the two point correlators.
The three point correlators for the stress tensor T (z) have been evaluated in [55, 56] and are seen to agree with the first choice, a real positive central charge (3.19) .
Therefore, for consistency with the asymptotic symmetry algebra [9] , we should also get the T W W correlators consistent with the first choice in (3.19) . For this we need to know the coupling of the spin-3 field with metric in the Fronsdal formulation. Recently the coupling of spin-3 field with gravity in the metric formulation upto terms quadratic in the spin-3 field has been considered [57] . The full second order formulation of this theory has been presented in [58] . This is sufficient to calculate these three-point functions and check the consistency requirement. We hope to return to this in the future.
Analytic Continuation to dS 3 -CFT 2
In this section we will consider spin-3 and spin-2 field coupled to background deSitter gravity in three dimensions and we will compute the two point correlators W zzz W zzz , WzzzWzzz , T zz T zz and TzzTzz onÎ − which is the past infinity of the region O − which comprises the causal past of a timelike observer in de-Sitter space. The metric for a planar slicing of O − is given as [26] .ds
By the coordinate transformation τ = e t , we get the metric
The regionÎ − corresponds to t → −∞ or τ = 0. We can, therefore, analytically continue our results for Euclidean AdS 3 from the previous sections to dS 3 by ℓ → iℓ and σ → iτ i.e.
This analytic continuation leads to the following transformation on the auxilliary variables U A , fields φ (s−r) and the gauge transformation paramters ǫ (s−r) .
By this anaytic continuation the full (Bulk + Boundary) action for spin-3 and spin-2 field in the background (4.2) becomes
where, the definition for all the terms appearing above changes for de-Sitter space
3 ≡ ∂ τ τ φ
3 ,
The Fronsdal equation F Φ = 0 for the spin-3 field has the following gauge invariance
The spin-2 equation of motion has the gauge invariance
The action (4.5), is invariant under the above gauge transformation, for non-vanishing
2 , ∂ τ ǫ
2 and ∂ τ ǫ
2 at the boundary, but has an anomaly for nonvanishing ǫ 
2 .
(4.11)
We will now analytically continue our AdS 3 solutions (3.9), to dS 3 by absorbing an extra factor of −i onto h
(4.12)
The above solutions are pure gauge with gauge parameters 15 .
The on-shell action is determined from A
3 and A
2 , which from (4.11) is
In order to cancel O(τ . After putting c = 1 4 in (4.14),
we get the on-shell action as
15 One can see this by comparing φ (3) and φ (2) in (4.12) with the gauge transformations (4.8), (4.9), transverse traceless projection (3.4) and the fact that for d=2 h T T = 0.
.
and
(4.17)
Our on-shell action is the same as AdS 3 (upto a difference in sign for spin-3) with AdS-radius replaced by dS-radius 16 . Because of the change in sign for spin-3, we absorb the negative sign by redefining h (3) = ih (3) 17 . Thus we get the total on-shell action as
We will now try to use the above on-shell action computed in de Sitter background and dS-CFT conjecture to compute two point correlation functions involving stress tensor and spin-3 currents. The dS-CFT programme initiated in [26] defines the stress tensor of the boundary CFT through the Noether procedure as
This is obtained from the general prescription of Brown and York, motivated by
Hamilton Jacobi theory in [60] for a spacetime with boundary, coupled to the constraint that the energy density be real and positive. The dS/CFT conjecture of [59] relates the partition function of a CFT to the Hartle-Hawking wavefunction of the universe. In the semiclassical approximation, it takes the form
It was also argued (see footnote-23 of [59] ), that one may define stress tensor from the CFT patition function with an overall i i.e
Semiclassically, this is equivalent to (4.19) . The boundary spin-3 current is the conserved charge associated to the higher-spin symmetry of the bulk, just as the stress tensor is associated to diffeomorphism invariance in the bulk. We will extrapolate the above definition to the spin-3 conserved current in what follows. It would be interesting to prove from first principles that these are indeed the appropriate charges perhaps by extending the AdS proof for stress tensor of [61] to the de Sitter case involving both stress tensor as well as higher spin currents.
Higher-point functions may be arrived at by functionally differentiating the onepoint function with respect to sources at the boundary. We therefore have
Semiclassically, this is the same as functionally differentiating the on-shell action (with a negative sign) with fixed boundary condition. We compute the correlators using the above "differentiate procedure" 18 , of [26, 59] . Since in holomorphic coor-
, we have is the central charge associated with dS 3 by analyzing the stresstensor onÎ − [26] . In order to show that our results are compatible with this central charge, we have to show that the three point functions T W W are given by the first choice in (3.19) with c BH replaced by c dS (which is the same as replacing AdS-radius by dS-radius). We would also like to stress that it is unlikely that our results for two point functions are compatible with the imaginary central charge found in [39] .
For this to be true, we should get three point functions T W W according to (3.21) or (3.22) . There is no obvious way that the three point function will pick up a √ i, either in the numerator or denominator, because the only factors of i will come from (4πi) 3 or from h (3) → ih (3) . We defer any further discussion to after the computation of the three-point function, which we hope to return to in future.
Conclusions and future directions
In this paper we used the boundary action for spin-3 coupled to Anti-de Sitter gravity in three dimensions derived in [48] and employed holographic renormalization to fix the counter term action and compute the two point correlators W W and T T . We found that these correlators factorise holomorphically and that our expressions are consistent with the general requirements of 2d conformal invariance.
We discussed the consistency requirement of our normalization on the three point functions T W W , which we would like to revisit in future work. We then analytically continued our results for AdS 3 to compute the correlators in dS 3 . We also argued consistency requirements on the three point functions for our results to be compatible with the real central charge c dS = 3ℓ 2G N , associated with dS 3 by analyzing the stress-tensor on the past infinityÎ − of the region O − which comprises the causal past of a timelike observer in de-Sitter space [26] . We also discussed why it is quite likely that our two point functions are not compatible with the imaginary central charge obtained in [39] . We can make this picture concrete only after the computation of the three point functions T W W , which we hope to address in future.
Additionally, we would like to refine our techniques used in this paper to be able to compute the correlation functions in topologically massive higher spin gravity [21] in the same lines of topologically massive gravity [43, 56] . This will give us concrete evidence for the logarithmic behavior of the boundary CFT as conjectured in [21] . This is work in progress and we hope to report on it soon.
